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Phase equilibria have been investigated in diisobutyl ketone-polyisobutylene and in cyclohexane-polystyrene systems, us­
ing carefully fractionated samples so selected as to cover wide ranges in molecular weight (M X 10 -4 = 2.27, 28.5 and 600 
for polyisobutylene; 4.36, 8.9, 25.0 and 127 for polystyrene). The temperature-composition equilibrium curves, though 
similar in character to those calculated from the thermodynamic theory of polymer solutions, are broader and the critical 
volume fractions Vi are approximately twice those predicted by the theoretical relationship »2(crit.) = x~l/> where * is the 
ratio of the molar volumes of polymer and solvent molecules. The reciprocal of the critical consolute temperature Tr. in­
creases linearly with 1/VA + l/2x in strict accordance with theory. The thermodynamic parameters calculated from the 
slopes and intercepts are at variance with those deduced by other methods, however. Thus, the critical temperature de­
pends on molecular weight in the manner predicted by theory, but the values of the parameters deduced from this dependence 
appear to be unacceptable. Phase diagrams for the three-component system consisting of cyclohexane and two polysty­
renes [M X 10~4 = 8.9 and 127, respectively), investigated at 25.5° and 28.2°, exhibit deviations which appear to be re­
lated to those for the two-component systems. However, the ratios of the two polymer components at the plait points at 
each of these temperatures and the dependence of the maximum precipitation temperatures for a fixed ratio of the two poly­
mer components on this ratio agree satisfactorily with theoretical predictions. 

introduction 
Liquid-liquid phase separation in high polymer 

solutions ordinarily occurs with the formation of a 
highly swollen precipitate.3 ,4 This precipitate 
usually contains many times more solvent than 
polymer; thus a state of equilibrium is reached 
between an extremely dilute phase (the supernatant 
phase) and a moderately dilute phase (the precipi­
tated phase). The temperature-composition phase 
equilibrium diagram is highly unsymmetrical, the 
critical composition at incipient incomplete misci-
bility occurring a t a comparatively low concentra­
tion of polymer. These characteristics of the 
phase equilibria obviously have an important 
bearing on polymer fractionation procedures in­
volving a generally inefficient selective precipitation 
of species of higher molecular weight. At equilib­
rium each species is partit ioned between the pre­
cipitated and supernatant phases. 

The theory of polymer solutions developed some 
years ago5,6 predicts a high degree of dissymmetry 
in the phase equilibrium diagram which, qualita­
tively a t least, is in accord with the observations 
cited above. Quanti tat ive expressions have been 
derived5,6 for the consolute temperature and the 
critical composition, both being given as functions 
of the molecular weight, and methods for computing 
the compositions of phases in equilibrium have been 
set forth. The theory was later extended to molec-
ularly heterogeneous polymers, and some aspects of 
fractional precipitation were clarified.7,8 

The present s tudy of phase relations in polymer-
solvent systems was undertaken for the purpose 
of exploring the extent to which reliance may be 
placed on these theoretical relations from a quanti-

:'l; A. portion of this investigation was carried out in connection 
with the Government Research Program on Synthetic Rubber under 
contract with the Synthetic Rubber Division, Reconstruction Finance 
Corporation. 

(2) Presented in part before the High Polymer Forum at the Chicago 
Meeting of the American Chemical Society, Sept. 4, 1950. 

!•5) J. N. Bronsted and K. Volqvartz. Trans. Faraday SoC, 35, 576 
(1939). 

(4) R. B. Richards, ibid., 42, 10, 20 (1946). 
(5) P. J. Flory, / . Chem. Phys., 9, 660 (1941); 10, 51 (1942). 
(6) M. L. Hugsins, ibid., 9, 440 (1041); Ann. .V. Y. Acad. Sci., 43, 

1 (1912); J. Phys. Chem., 46, lot (1912); THIS JOURNAL, 64, 1712 
(19)21. 

(7) I'. J. Flory, / . Chnn. Phys., 12, 125 (1914). 
(S) K. L. Scott, ibid., 13, 172, 17S (1945). 

ta t ive point of view. Two non-polar polymers, 
polyisobutylene and polystyrene, were chosen with 
the object of minimizing the likelihood of the 
usually suspected peculiarities a t t r ibuted to specific 
interactions. Pure solvents ra ther than mixtures 
consisting of a solvent and a precipitant9,10 were 
used in order to avoid the complications of treating 
a three-component system requiring for its de­
scription three pair interaction parameters. Diiso­
butyl ketone was selected for polyisobutylene and 
cyclohexane for polystyrene because they yield 
phase separations at convenient temperatures and 
their refractive indices differ sufficiently from those 
of the respective polymers to facilitate observation 
of the phase separation. Carefully prepared poly­
mer fractions were used in order to justify treat­
ment of the mixtures with solvent as two-compo­
nent systems. The three-component system con­
sisting of mixtures of two polystyrene fractions with 
cyclohexane provided a simplified prototype of a 
heterogeneous polymer. 

Experimental 
Materials.—Three fractions" of polyisobutylene were 

obtained from benzene solutions at 30° by successive addi­
tions of acetone. Initial polymer concentrations were 
about 0.5 g./lOO ml., except in the case of the lowest mo­
lecular weight fraction where a concentration of 2.5 g./lOO 
ml. was used. The fractions were washed with precipitant 
and dried in vacuo at 60°. The molecular weights of the 
fractions, designated PBA, PBB and PBC, determined from 
their intrinsic viscosities in diisobutylene at 20° using the 
relationship13 log M = (log M + 3.444)/0.64, were 22,700, 
285,000 and ~ 6,000,000, respectively. 

The polystyrenes were prepared by benzoyl peroxide-
catalyzed bulk polymerizations of the undiluted monomer 
at 60°. The average molecular weights of the parent poly 
mers were controlled by variation of the catalyst concen­
tration, except in the preparation of the lowest moleculai 
weight sample where dodecyl rnercaptaii was used as a 
transfer agent. One fraction near the center of the mo­
lecular weight distribution of each parent polymer was se­
lected for use. The fractionations were carried out by 
fractionally precipitating from methyl ethyl ketone solu-

(9) J. N. Bronsted and K. Volqvartz, Trans. Faraday Soc, 36, 61.< 
(1940). 

(10) P. O. Powers, Ind. Eng. Chem., 41, 126 (1949); 42, 255S 
(1950). 

(11) PBA and PBB, previously designated as PB5F4 and PB4F3, 
respectively, have been described13 as to source and fractionation pro­
cedure. 

(12) T. (1. Fox, Jr., and P. J. Flory, THIS JOURNAL, 70, 2384 (194R). 
(13) P. J. Flory, ibid., 68, 372 (1943). 
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tions a t 30° with successive additions of methanol.12 In­
itial polymer concentrations and subsequent treatment of 
fractions were identical with those of the polyisobutylene 
fractionations. The molecular weights of the fractions 
PSA, PSB, PSC and PSD as determined from their intrinsic 
viscosities in benzene solution a t 30° using the relationship14 

log M = (log [n] + 4.013)/0.74 were 43,600, 89,000, 250,-
000 and 1,270,000, respectively. 

The solvents, diisobutyl ketone and cyclohexane, were of 
high purity. They were dried over MgSO4 and freshly 
distilled before use. 

Determination of Phase Separation.—Preliminary work 
on the polyisobutylene (PBB)-diisobutyl ketone system 
was carried out using a photoelectric turbidimeter15 con­
sisting of a mercury vapor lamp, monochromatic filter, 
collimating lenses, solution cell, photoelectric cell and 
photovolt meter. The operation of this apparatus was 
cumbersome, and an excessive volume (10 ml.) of solution 
was required; protection from atmospheric moisture, 
proper temperature control and provision of adequate stir­
ring of more viscous solutions presented further difficulties. 
Substitution of visual observation for the photoelectric 
device permitted the design of a much simpler apparatus 
in which the above difficulties were minimized. Further­
more, the precipitation points could be observed visually 
with less ambiguity and with a precision at least as good as 
by the more elaborate photoelectric method. AU data re­
ported here were obtained by the visual method described 
below. 

Measurements on the polyisobutylene-diisobutyl ketone 
system were conducted using a cell consisting of a 10 X 75-
mm. test-tube fitted by means of a rubber tubing jacket to 
a glass column 7 cm. in length having a short side-arm con­
necting to a small desiccant (Drierite) bulb. Solvent vapor 
permeation of the rubber connector was troublesome, but 
not intolerably so. A rotary glass stirrer, equipped with 
three tight-fitting "Teflon" washers, was inserted through 
the column and to the bottom of the test-tube. The wash­
ers functioned as bearings for the stirrer and as baffles to 
vapor diffusion. The column top and stirrer were fitted 
with rubber tubes which sealed the system when stirring 
was stopped. The simplicity of these set-ups permitted 
operation of a number of them simultaneously. 

The polyisobutylene sample and solvent were weighed 
into the apparatus, allowed to stand (capped) a few degrees 
above the precipitation temperature until the polymer was 
highly swollen and then stirred to complete the solution. 
Concentrations were calculated at 30° disregarding possible 
volume change on mixing. 1.253 was used as the specific 
volume of diisobutyl ketone and the relation v ,= 1.097 + 
32/M was used for the specific volumes of the polyisobuty-
lenes at 30 °.'6 Precipitation was effected by allowing the 
solutions to cool slowly while immersed in a well-stirred 
bath (oil or water), which provided heat lagging. Tem­
peratures were measured with calibrated thermometers 
graduated to 0.1° immersed in the bath. Side lighting and 
a graduated scale placed behind the solution tubes facili­
tated the detection of the incidence of phase separation, 
which is manifested by a blurring in the appearance of the 
lines of the scale. 

Taper-jointed tubes and drying columns were used for 
the polystyrene-cyclohexane system (Fig. 1). These re­
sembled the tubes described above except for the replace­
ment of the tube-to-column rubber connectors with ground 
glass joints, glass closure of the drying column at a height 
sufficient to contain the rotary glass stirrer, and the elim­
ination of the "Teflon" washers. A 3-cm. glass tube was 
used to replace the drying column during the brief stirring 
operations and served as a close-fitting shank for the glass 
stirrer. 

In preparing a polystyrene solution the drying column 
was detached and stoppered, the tube, stirrer and a ground 
glass cap were weighed, and the solution components were 
then weighed into the tube. Having weighed the all-glass 
apparatus (drying column replaced by weighing cap) and 
solution, it was possible by reweighing to know precisely 
at any time the polymer concentration by deducting the 

(14) R. H. Ewart, paper presented at the Atlantic City Meeting of 
the American Chemical Society, April 14, 1947. 

(15) G. Gavoret and M. Magat, / . chim. phys., 46, 355 (1949). 
(16) T. G. Fox, Jr., and P. J. Elory, J. Phys. Colloid Chem., 55, 221 

(1951). 

amount of solvent lost by 
evaporation into the drying 
column and through the 
ground glass joint. A given 
initial solution was thus run 
a t progressively higher poly­
mer concentrations attained 
by solvent evaporation. 
Agreement between precipi­
tation temperatures, Tp, of 
solutions which had under­
gone considerable (up to 
70%) solvent loss and new 
solutions having the final 
concentrations attained by 
the former demonstrated the 
validity of the technique. 
The volume fractions, »2, of 
polystyrene in the solutions 
were calculated at 20° using 
as the specific volumes of the 
polystyrene and cyclohexane 
0.9240" and 1.2837, respec­
tively, disregarding possible 
volume changes during mix­
ing.18 The solutions were 
thoroughly stirred immedi­
ately before and weighed im­
mediately after the precipita­
tion determinations. Pre­
cipitation was effected and 
observed as described above. 

Precipitation tempera­
tures, r p , of the polymer 
solutions were ascertained 

-Precipitation appa­
ratus. 

to ± 0 . 1 ° except in solutions of polymer volume fraction, 
iii, less than 0.01 in which instances heterogeneity of the 
fractions caused an uncertainty of ± 0 . 2 to ± 0 . 4 ° in some 
cases; this effect was greatest with the lower fractions. 
The highest molecular weight fractions presented the 
further problem of some macroscopic solution non-homo­
geneity arising from solvent reflux in the more concentrated 
solutions where adequate stirring was difficult. The rate 
of cooling between 0.01 and 0.05° per minute was not 
critical. Reversibility of the phase separation was possible 
with slow temperature increase, and phase coalescence oc­
curred at the same Tp, observed with decreasing temperature 
provided that the system had not been allowed to cool more 
than a few tenths of a degree below Tp. The same precipi­
tation temperature was observed with and without stirring. 

In order to investigate phase equilibria in a ternary sys­
tem of two polymer fractions and a solvent, four weighed 
mixtures of fractions PSB and PSD were dissolved in small 
volumes of distilled benzene, the solutions were stirred 
thoroughly and the polymer mixtures were precipitated 
with methanol. Care was taken to effect the precipitation 
rapidly in small amounts of solvent; negligible loss of poly­
mer was then assured. The powdery mixtures were washed 
with small amounts of methanol and dried in vacuo at 60° 
for four hours. Cyclohexane solutions of these mixtures 
were prepared and Tp determinations identical with those 
employed for individual polystyrene fractions were per­
formed. 

Solutions of the mixed fractions in cyclohexane were pre­
pared having compositions within the two-phase regions of 
chosen isothermals (25.5 and 28.2°) in order to determine 
tie-lines. Tubes similar to those described above, but hav­
ing 10-ml. capacity, were used. The solutions were slowly 
cooled with constant stirring to the temperature being in­
vestigated. The two-phase mixtures were thermostated at 
this temperature and stirred for an additional 20 minutes. 
The phase more concentrated in polymer in each tube was 
allowed to settle and a portion of the clear supernatant 
phase was quickly transferred to a weighing bottle by means 
of a pipet the temperature of which was approximately 10° 
above that of the mixture. The concentration of polymer 
in the supernatant phase was obtained by first weighing the 
sample of solution removed, then evaporating to dryness and 
weighing the polymer residue. 

(17) T. G. Fox, Jr., and P. J. Flory, J. Applied Phys., 81, 581 
(1950). 

(18) W. Heller and A. C. Thompson, / . Coll. Sci., 6, 57 (1951). 
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Results and Discussion 

Phase Equilibria in Two-component Systems.— 
The statistical thermodynamic theory of polymer 
solutions5'6 expresses the chemical potential of the 
solvent in a solution composed of a low molecular 
weight solvent and a polymer homogeneous in 
molecular weight as 

m - M? = RT [In (1 - v2) + (1 - l/x)vi + X1V^) (1) 

where V2 is the volume fraction of polymer in the 
solution, x is the number of segments per polymer 
chain and is equal to the ratio of the molar volume 
of the polymer to t ha t of the solvent. The thermo­
dynamic interaction parameter xi is composed 
of a temperature independent entropy parameter 
and a temperature dependent energy parameter. 
In recent notation19 '20 

X, = ,, - (•/-! (2) 

where î i is the entropy parameter and Ki is the 
energy parameter, the latter being inversely pro­
portional to the absolute temperature. Further , 
Ki and ^i are related in the manner 

where T is the absolute temperature and 6 is the 
incipient immiscibility temperature for molecules 
of infinite molecular weight. 

While relationships of the form of equation (1) 
have been shown to be generally inappropriate in 
dilute solutions, owing to the non-random distribu­
tion of polymer segments at high di lut ion 2 1 - 2 1 
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Fig. 2.—Precipitation temperatures 7"p for polyisobuty-
lene fractions in diisobutyl ketone plotted against concen­
tration expressed as volume fractions Vi of polymer. The 
broken lines are the corresponding theoretical curves. 

(19) "Annual Review of Physical Chemistry," Vol. II, Annual 
Reviews, Inc., Stanford, California, 1951, p. 383 ff. 

(20) Our Xi is the equivalent of the ^i (or n) widely used in the 
polymer literature. We prefer the former in order that the symbol y. 
may be reserved for the chemical potential. 

(21) P. J. Flory, J. Chem. Phys., 13, 433 (1945); 17, 303 (1949); 
17, 1347 (1949). 

(22) T O. Fox, Jr.. and P. J Flory, J. Fhys. Colloid SoL, 53, 197 
!1949). 

(23) P. J. Flory and W. R. Krigbaum, ./, Chem. Phys., 18, 1086 
U950). 

(24) P. J. Flory and T. O. Fox, Jr., THIS JOURNAL. 73, 1901 ( 19.il). 

deviations from them should vanish as the tem­
perature G is approached. As the phase equilibria 
studies for polymers of high molecular weight must 
necessarily be conducted at temperatures very 
close to 9, objections to equation (1) which nor­
mally apply for dilute solutions are of no consequence 
here. At temperatures near T=Q the "excluded 
volume" of a polymer molecule in dilute solution is 
very small, being zero at G. The polymer mole­
cules then telescope one another freely and all poly­
mer segments, including those occurring (momen­
tarily) within the interior of the random coils, are 
not subject to shielding by the external segments. 
Hence, the basic premise on which equation (1) 
is derived, namely, tha t all regions of space are 
equally available to a given molecule, may be con­
sidered to apply. 

The critical concentration and interaction param­
eter for incipient phase separation for a solution 
containing a single polymer species obtained by 
equating to zero the first and second derivatives of 
the chemical potential with respect to the concen­
tration are6 

(vt)c = 1/(1 + *'A) (4) 
(x,)o = (1 + xl/>)*/2x (5) 

Substitution of relations (2) and (3) into equation 
(5) yields 

i / r„ = ( i /e)[ i + (1/Vi)(IA-1A + i/2*)] (6) 

Figures 2 and 3 represent the results of the pre­
cipitation determinations for polyisobutylene-di-
isobutyl ketone and polystyrene-cyclohexane solu­
tions, respectively. Plotting the reciprocals of the 

Tp CC] 

Or2. 
Fig. 3.—Precipitation temperatures Tp for polystyrene 

fractions in cyclohexane plotted against polymer volume 
fractions v->. Theoretical curves are shown for two of the 
fractions. 

critical precipitation temperatures, 1/TC, observed 
for the polymer fractions against {l/xl/- + 1/2.%") 
as in Fig. 4 gives a straight line as predicted by 

19.il
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(I/X"2 • l/2x) X IO 2 

Fig. 4.—Reciprocal critical precipitation temperatures 
1/Tc plotted against (1/x1^2 + 1/2*) for various polystyrene 
fractions in cyclohexane (open circles) and polyisobutylene 
fractions in diisobutyl ketone (solid circles). 

equation (6). 9 and ^1 values obtained from the 
intercepts and slopes of the plots are 331.1°K. 
and 0.6534, respectively, for the system polyiso-
butylene-diisobutyl ketone and 307.20K. and 
1.055s, respectively, for the system polystyrene-
cyclohexane. 

Agreement of experimental data with the form 
of equation (6) appears to be general for polymer-
solvent systems exhibiting phase separation.26-29 

Figure 5 represents the critical precipitation data 
of Jenckel and Heinen25 for the system: fraction­
ated polystyrene-octadecanol. The molecular 
weights used in the figure are those given in the 
publication cited; the critical precipitation tem­
peratures were obtained by reading the tempera­

tures corresponding to the peaks of the precipita­
tion curves as drawn in that publication. The 
straight line shown in Fig. 5 was fitted to the series 
of precipitation data (open circles) exhibiting the 
least scatter. The values thus obtained for ̂ i and 
8 are 1.3 and 475°K., respectively. 

Substitution of ^i and G values into (2), which has 
the form 

X1 = i - ^1 + tiQ/T (2a) 

gives numerical correlation of the theoretical pa­
rameter xi and the absolute temperature for each 
system. This procedure represents, in effect, a 
calibration of the xi scale in terms of temperature 
through the use of the indicated theoretical ex­
pressions and experimentally observed critical 
miscibility temperatures. 

Having performed the above calibration, it is 
(25) E. Jenckel and I. Heinen, Z. Nalurforsch., 5a, 317 (1950). 
(26) T. O. Fox, Jr., and P. J. Flory, THIS JOURNAL, 73, 1909 (1951); 

73, 1915 (1951). 
(27) H. L. Wagner and P. J. Flory, ibid., 74, 195 (1952). 
(28) L. Mandelkern and P. J. Flory, ibid., 74, 2517 (1952). 
(29) P. J. Flory, L. Mandelkern, J. B. Kinsinger and W. B. Shultz, 

ibid., 74, 3364 (1952). 
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Fig. 5.—Reciprocal critical precipitation temperatures 
1/TC plotted against ( I / * 1 ' 2 + 1/2*) for various polystyrene 
fractions in octadecanol from the data of Jenckel and 
Heinen.26 Open and solid circles represent two different 
series of measurements. 

now possible to compare observed phase equilibria 
curves with those predicted by statistical thermo­
dynamic theory. The compositions of the two 
phases in equilibrium, expressed as the volume 
fractions v% and %'(% < %') of polymer, are given 
by the following expression derived7 from equation 
(1) and the corresponding expression for the 
chemical potential of the solute in a two-component 
system consisting of a single polymer species of size 
x and a solvent. 

V2 = j _ ( T + l)g + [(y + l)2g2 + 4(7 - I)Sg]1A)/ 
2(7 - I)' (7) 

where y and g are convenient variables for simpli­
fying the calculation denned by 

7 = Vi'/Vi 

g = (12/x)[(7 + D(In T)/2 - (7 - I)] 

By choosing values for y, pairs of volume fractions 
Vi and Vi are obtained for each polymer homolog. 
The value of xi corresponding to each y, v2 pair 
may be calculated from the equation7 

Xi 
(l/x) In 7 + P3(I ~ 1/*)(Y - D 

'2(7 - 1)[2 ih{y + 1)] 
(8) 

Using also the conversion of xi to T by (2a), three 
theoretical Tp vs. V2 curves calculated in this manner 
have been drawn for the polyisobutylene-diisobutyl 
ketone system, Fig. 2, and two such curves were 
constructed for the polystyrene-cyclohexane sys­
tem, Fig. 3. The shapes of the calculated curves 
agree only qualitatively with those observed. The 
latter are markedly broader and the observed 
critical points occur at higher polymer concentra­
tions than those predicted (see equation (4)). 
The latter feature is mofe marked in the polystyr­
ene-cyclohexane system. Divergence from theory 
is similar nevertheless in both systems studied. 
This divergence indicates that the primary theoret­
ical equation (1) is somewhat inaccurate in its 
representation of the dependence of the chemical 
potential on concentration. 

An even more disturbing feature occurs in the 
values obtained for the entropy of dilution param­
eter \pi. Analysis of all studies of critical misci-
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bility as a function of molecular weight as reported 
in recent papers from this Laboratory26-29 yield 
\pi values exceeding 0.5, whereas according to in­
trinsic viscosity measurements ipi seldom exceeds 
0.10; similar magnitudes (0.10) are indicated by 
osmotic studies in those instances in which adequate 
measurements have been made at a series of tem­
peratures. Solvents consisting of cyclic molecules 
yield higher \pi values than acyclic ones, according 
to the viscosity studies. The preceding analysis of 
critical miscibility results for the two systems 
cyclohexane-polystyrene and octadecanol-poly-
styrene place the VVs in opposite order. It is to 
be noted, however, that the viscometric and osmotic 
results refer to higher dilutions than those involved 
at critical miscibility, which again indicates failure 
of the theory to represent accurately the concentra­
tion dependence. Since the chemical potential is 
resolved into its entropy and energy components 
through the operation of differentiation with 
respect to temperature, the disparity between 
values obtained for ^1 (and for K1 as well) by differ­
ent methods shows that the deviation from equa­
tion (1) must change with temperature. 

Phase Equilibria in a Three-component System. 
—The compositions of the polymer fraction mix­
tures prepared as described above for use in the 
study of phase equilibria of a ternary system are 
listed in Table I. ^°PSB is the volume fraction of 
PSB in each mixture. The number-, weight- and 
3-average number of segments, Xn, £w and xz, were 
calculated assuming fractions PSB and PSD to be 

(^2 +V3) 

Fig. 6.—Precipitation temperatures TP plotted against 
total volume fractions of polymer (v2 + Vz) for the mixed 
polystyrene fractions (PSB -f- PSD)-cyclohexane system 
(see Table I for the polymer mixture compositions). 

monodisperse polymer homologs having 768 and 
10,950 segments per molecule, respectively. 

TABLE I 

Mixture 

PSD 
1 
2 
3 
4 
PSB 

O0PSB 

0.000 
.500 
.750 
.900 
.980 

1.000 

Sn 

10,950 
1,432 
1,002 

854 
781 
768 

xw 

5859 
3314 
1786 
968 

XZ 

10,283 
9,180 
7,010 
3,027 

CC.) 

31.1 
30.4 
29.6 
28.8 
27.3 
23.6 

Figure 6 presents the precipitation data obtained 
for these mixtures in cyclohexane plotted as the 
precipitation temperature against the total polymer 
volume fraction. 

The triaxial phase diagrams, Figs. 7 and 8, for 
the three-component system at 25.5 and 28.2°, 
respectively, have been constructed from the curves 
shown in Fig. 6. All solutions of a mixture of two 
polymer fractions present in a fixed ratio to one 
another lie in the triaxial diagram on a single 
straight line passing from the pure solvent vertex 

Fig. 7.—Experimental and theoretical (broken lines) 
phase equilibria diagrams for the system PSB-PSD-cyclo-
hexane at 25.5°. 

Fig. 8.—Experimental and theoretical (broken lines) phase 
equilibria diagrams for the system PSB-PSD-cyclohexane at 
28.2°. 
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and cutting the opposite (PSB-PSD) base line 
into the proportions of the undiluted polymer 
mixture. To construct an isothermal phase equilib­
ria curve for the cyclohexane (1)-PSB(2)-PSD(3) 
system, and isothermal line was struck through the 
TP vs. (vi + V3) curves of Fig. 6. The (i>s + v3) 
values corresponding to precipitation for each 
mixture-solvent system at the chosen temperature 
were noted and these values have been plotted on 
the corresponding mixture ratio lines described 
above. A smooth curve drawn through the points 
so plotted is the isothermal for the temperature 
selected. The gross compositions (actually points 
of unattainable concentration at the temperature 
being investigated) of the solutions prepared for the 
tie-line determinations are indicated by solid tri­
angles in the two-phase regions of Figs. 7 and 8. 
The experimentally observed dilute solution end 
points of the tie-lines through these gross com­
positions are shown as solid circles. These two 
points determine the tie-line. 

The statistical thermodynamic expression for 
the chemical potential in a system consisting of 
more than one polymer species7,8 has been applied 
by Tompa30 and Scott31 to the problem of phase 
equilibria in a three-component system. In a 
system consisting of a solvent (1) and two polymer 
fractions (2 and 3) the thermodynamic interaction 
parameter X23 between the polymer homologs is 
zero and the other pairs yield identical parameters 
X12 = X13 = Xi- Adopting Tompa's formulation, 
an isothermal (xi constant) for such a three-
component system may be calculated as follows. 
Defining the total volume fractions of polymer in 
two phases in equilibrium as v = Vt + V3 and v' = 
Vs' + V3, v' > v, and defining the ratios of the 
concentrations of the individual polymer species 
in the two phases as 72 = Vi/v% and 73 = V3 Iv3, a 
parameter a is obtained such that In 72 = ax2 
and In 73 = ax3. X2 and X3 are the number of 
segments per chain in polymer species 2 and 3. a 
is related to the interaction parameter by 

a = In (j-z~) + 2X1(V' - v) (9) 

According to the thermodynamic conditions for 
equilibrium, the function 

v = In ( j ~ ) + (»' - v) + xi(^'! - f2) -

["(78 - IX73E - v') , (73 - !)(»' - W)"[ ,10« 
L »2(73 — 72) »3(73 — 72) J 

must vanish when the correct v and v' combination 
is secured. Solution may be effected by choosing a 
value for v, guessing v' and calculating a trial a 
by means of equation (9J. 72 and 73 are then 
calculated, and the tentative set of values for v, 
v', 72 and 73 is substituted into equation (10) to 
obtain a numerical value for <p. A new trial v' 
is selected and the process is repeated, etc., until 
the value of v' which gives <p = 0 is found. This is 
conveniently carried out by plotting <p against v'. 
With the correct v and v' combination and corre­
sponding 72 and 73 values, the concentrations V2, 

(30) H. Tompa, Trans. Faraday Soc, 48, 1142 (1949). 
(31) R. L. Scott, J. Chem. Phys., 17, 268 (1949); ibid., 17, 279 

(1949). 

V3, v-i and V3 of the polymer homologs in phases in 
equilibrium at the chosen xi (or corresponding 
temperature, T) are obtained and a tie-line of the 
isothermal is established. Other tie-lines are com­
puted in the same way by choosing other values for 
v. 

Theoretical curves computed in the above 
manner for the cyclohexane-PSB-PSD system are 
compared with the experimental curves in Figs. 
7 and 8. xi values 0.5309 and 0.5204 corresponding 
to the temperatures 25.5 and 28.2° as calculated by 
(2a), were used. The experimental curves are 
seen to possess the form predicted, but as was 
noted in the two-component system the two-phase 
regions observed are considerably larger than pre­
dicted by theory. 

The critical point on a given isothermal, i.e., 
the point at which the compositions of the con­
jugate phases become identical, can be located 
according to theory with the aid of equations 
developed by Stockmayer.32 Proceeding from the 
expressions7 describing phase equilibria of solutions 
of a heterogeneous polymer of fixed molecular 
weight distribution, he found for the critical volume 
fraction of polymer (1 — vi)e and the critical inter­
action parameter (xi)c 

<! -*>•- rriftv. (11) 

_ (1 + g, ' / .) ' (V/ . - Xw1A)' 
(Xl)o U7~ + 2i^7A ( 1 2 ) 

xw and xz are the weight- and z-average number of 
segments per chain in the heterogeneous polymer. 

In view of the rather large divergence of the 
observed from the theoretical curves of the phase 
diagrams, both for the two- and the three-compo­
nent systems of the present study, the observed (1 
— v{) c cannot be expected to coincide with the 
predicted (1 — Vi)0. However, it is conceivable 
that the ratio of (vi)c to (v3)c may be given satis­
factorily by theory. Substituting 0.5309 and 
0.5204 for (xi)c in equation (12), it is found that the 
theoretically predicted critical points for the 25.5 
and 28.2° isothermals should exist at ratios of 
PSB to PSD of 8.40:1 and 3.22:1, respectively. 
Although experimental tie-lines were not deter­
mined sufficiently near each critical point to defi­
nitely fix the location of the critical point, critical 
ratios of about 7 and 3, respectively, are indicated 
by the pattern of the tie-lines shown in Figs. 7 and 
8. These are slightly lower than those calculated 
but the differences are less than the experimental 
uncertainty. 

A problem of practical importance is the deter­
mination of the highest temperature at which 
phase separation can occur in a system composed 
of a single solvent and a heterogeneous polymer 
of fixed molecular weight distribution. Tompa33 

correctly indicated the difference between this 
"apparent critical" point, or precipitation thres­
hold temperature, and the true critical point, and 
carried out a theoretical calculation of this pre­
cipitation threshold temperature, TVT. (Actually 
the corresponding minimum interaction parameter 
(xi)m is calculated.) The results of his derivation 

(32) W. H. Stockmayer, ibid., 17, 588 (1949). 
(33) H. Tompa, Trans. Faraday Soc, 46, 970 (1950). 



470() A. R. SlIULTZ AND P . J . FLORY Vol. 74 

may be formulated in the following equations for 
purposes of calculation. 

F = £ « ? ] " • = (L , ')/(! 

iF=2>>?/*,-)(r*' - n 

(1.3 

( 1 4 ) 

U = ({ - K ) A - H 7 + In Fi 

(2 + ran + [(2 + uw? - sr/i -
(In) 

-f \V)\lh 

AU 
X1(V 

V1 = (UA - I ) /UA 

Vl' = 1 - F(I - V1) 

In F = (1/Xi)In(Bi7AJi)1IV > 

- vY) (16) 

(17) 

(18) 

(19) 

In Y = 2.4 - In (ViZv1'), V1 > V1' (20) 

(X1),, = .4/(-J1 - V1') (21) 

Ui and i>i' are the volume fractions of solvent in the 
two phases which separate a t the precipitation 
threshold. V1 and v\ are the volume fractions of 
polymer species i(i > 1) in those phases, vl 
is the volume fraction of polymer species i in the 
heterogeneous polymer (i.e., when v\ = 0). X1 is 
the number of segments per chain of species i. 
V, W, U, A and Y are convenient variables defined 
by the above equations. The X1 values of the 
polymer fractions (considered monodisperse) used 
in the present s tudy are known and the v\ values 
are known for each polymer mixture (see Table I ) . 

(xi)m is calculated for each polymer mixture as 
follows: A reasonable guess is made for the value 
of In Y. ( Y should be very slightly greater than 
unity.) V, W and U are calculated by equations 
(13), (14) and (15), respectively. A is then com­
puted from equation (16). After obtaining V1 

and Vi from equations (17) and (18), a value for In 
Y is calculated according to equation (20). The 
correct guess for In Y would equal the calculated 
In Y. By taking successive trial In Y values and 
plotting their differences, A In Y, from the cal-
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Fig. 9.—Experimental (open circles) and theoretical (solid 
line) threshold precipitation temperatures TPT (or the 
corresponding (xi)m) plotted against the volume fractions 
tfPSB of PSB in the pure PSB-PSD mixtures for the system 
PSB-PSD-cyclohexane. The broken line represents the 
theoretical critical precipitation temperature Tc (or the cor­
responding (xi)o) as a function of !>PSB for the same system. 

culated values against the trial In Y, the correct 
solution for which A In Y = 0 may be obtained. 
The magnitudes of the experimental quantities 
are such tha t A In Y values in the neighborhood of 
the correct In Y are extremely small. However 
the passage of A In Y from positive to negative 
values is rapid enough to define the desired (xi)m, 
calculated by equation (21), to an accuracy greater 
than experimentally attainable. 

In Fig. 9 the experimental precipitation threshold 
temperatures T P T of the four polystyrene mixtures 
are compared with those calculated (solid curve); 
calculated critical temperatures T0 are represented 
by the broken line. Again the 7" and Xi scales 
have been related according to the previous calibra­
tion. The experimental threshold precipitation 
temperatures (see Table I) are taken from Fig. 6. 
These represent the temperatures of the isothermals 
which are tangent to the straight lines which may 
be drawn in the triaxial diagrams to represent the 
loci of compositions for which the polymer-polymer 
ratios assume the respective values used. Although 
exact coincidence between observed and predicted 
threshold temperatures is not obtained, the extent 
of agreement is remarkable noting the considerable 
differences between the predicted and observed 
solution compositions a t these precipitation tem­
peratures. This conformance with theory of the 
observed TVr in the ternary system is similar to tha t 
observed for T0 in the binary system. 

The application of equation (5) to heterogeneous 
polymers by merely inserting an average molecular 
weight therein is without theoretical justification, 
bu t as a simple empirical procedure it could con­
ceivably serve a useful purpose. If "critical tem­
peratures" are calculated by this equation using 
the number-average molecular weights of the P S B -
PvSD polymer mixtures a curve with negative curva­
ture and located well above the t rue Tc vs. J/VSB 
curve (broken line of Fig. 9) is obtained. A similar 
calculation based on the weight-average molecular 
weights of the polymer mixtures yields a curve 
lying above the experimentally observed TVT 
and below the Tc curve. Calculation using the z-
average molecular weights produces a "7Y' curve 
lying well below the TVT vs. ^0PSB curve of Fig. 9. 
Thus the experimentally observed TVT lie between 
the "7V' curves calculated by equation (5) using 
.fw and Xz values. For an empirical guide, there­
fore, the apparent critical precipitation tempera­
tures of unfractionated polymers or "rough-cut" 
fractions will give an estimate of an average molec­
ular weight lying between the weight- and z-
average molecular weights of the sample. If the 
sample is not exceptionally heterogeneous a reason­
able approximation to the weight-average molec­
ular weight can be made by such a precipitation 
measurement. 

Conclusions 
Throughout all consideration of the application 

of a theoretical free energy of mixing expression to 
phase equilibria it is necessary to note tha t the 
resulting equations are very sensitive to inaccuracies 
in the representation of its dependence on concen­
trat ion. The critical phase equilibria conditions 
are derived from the first and second derivatives 
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of a chemical potential with- respect to concentra- quires a greater faith in the complete applicability 
tion variables. Reliance upon the critical condi- of the chosen model than is probably justified, 
tions thus obtained for quantitative results re- ITHACA, X. Y. 
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The Cr(VI)-Cr(III) indicator is applied to binary borate melts at 1200°. The concentrations of the two valences, each 
below 0 .1%, are determined by titration. Their ratio, corrected for the oxygen pressure above the melt, is taken as a measure 
for the availability of oxygen ions for bond formation. The systems of B2O3 with Li2O, BaO and ZnO show minima of this 
oxygen ion availability which are correlated to anomalies in some physical properties reported for the corresponding glasses. 
With K2O and PbO, no minima are observed. 

Several physical properties of binary boric oxide-
metal oxide glasses indicate that an increase 
in metal oxide concentration, starting from pure 
B2O3, first tightens the structure of the glass to 
loosen it up above metal oxide equivalent frac­
tions of about 0.1.2*3c: For instance, the.' 'apparent 
molar refraction" i?o«- introduced by Fajans and 
Kreidl4 as a measure of the looseness of oxygen 
bonding shows minima at equivalent fractions of 
0.06 to 0.08 in the systems with Na2O, K2O and 
BaO.3 I t seemed worthwhile to see whether the 
availability of the oxygen ion for bond formation, 
as measured with an indicator, would exhibit simi­
lar features in the molten mixtures at 1200°. 

Indicators which have been employed in liquid 
oxide systems by Weyl,6a Dietzel6b and Lux6 are 
pairs of metal ions like Cr6+-Cr3+ . Their equilib­
rium, at a specified oxygen pressure, is determined 
by the availability of oxygen ions (the "oxygen ion 
concentration" in the terminology of Lux and 
Flood7). The range of the indicator can be ex­
tended by using different oxygen pressures. The 
present view of molten oxides8 does not permit the 
assignment of definite formulas to the indicator 
ions. Formally, their equilibrium can be written as 

Cr(VI) (in melt) ±=; Cr(III) (in melt) + 3AO2 (1) 

In order to compare the results measured at differ­
ent oxygen pressures, a quantity K' is denned 

K' = -6 X po2-3/< (2) 
Cs 

(1) Present address: c/o J. R. Geigy A.G., Basel. Switzerland. 
(2) B. E. Warren, / . Am. Ceram. Soc, 24, 256 (1941). 
(3) The calculation of Ro1 was based on refractive indices and 

densities from the following sources: For Na: (a) P. Wulff and S. K. 
Majumdar, Z. physik. Chem., B31, 319 (1936); (b) J. M. Stevels, 
J. Soc. Glass Tech., 30, 303 (1946). For K: (c) R. L. Green, doctor's 
thesis M,I.T., Cambridge, Mass., 1940; J. Am. Ceram. Soc, 25, 83 
(1942); for Ba: (d) E. M. Levin and H. F. McMurdie, ibid., 32, 99 
(1949); (e) J. M. Stevels, J. Soc. Glass Tech., 30, 173 (1946); cf. 
S. P. Varma and W. A. Weyl, Nature, 162, 938 (1948). 

(4) (a) K. Fajans and N. J. Kreidl, / . Am. Ceram. Soc, 31, 105 
(1948); (b) F. L. Jones and N. J. Kreidl, / . Soc. Glass Tech., 33, 239 
(1949). 

(5) (a) W. Weyl and E. Thiimen, Sprechsaal, 66, 197 (1933); (b) W. 
Stegmaier and A. Dietzel, Glastech. Ber., 18, 297, 353 (1940). 

(6) (a) H. Lux and E. Rogler, Z. anorg. Chem., 280, 159 (1942); (b) 
H. Lux, J. Cordon and R. Frey, ibid., 257, 79 (1948). Cf. H. Lux and 
E. Proeschel, ibid., 257, 59, 67 (1948). 

(7) (a) H. Lux, Z. Elektrochem., 45, 303 (1939); (b) H. Flood and 
T. FjSrland, Acta Chem. Scand., 1, 592 (1947). 

(8) See, for instance, J. O'M. Bockris and J. W. Tomlinson, Re­
search (London), 2, 362 (1949). 

C6, C3 and po, denoting the concentration of hexa-
and trivalent chromium found by analysis (in 
weight %) and the partial pressure of oxygen in 
atmospheres, respectively. This K' is primarily a 
function of the pseudo-binary oxide composition. 
All its factors are measured; thus log K' is the ana­
log of Hammett's H-function9 in protic solvents. 
The composition of the pseudo-binary borate sys­
tems is expressed in this paper by the equivalent 
fraction of the metal oxide 

2MeO = 2«MeO /(6«BiOa + 2»Meo) 

Me denoting K2, Ba, etc., n the oxide mol number. 
The indicator equilibrium was to be followed by 

chemical analysis. Therefore the Cr(VI)-Cr(III) 
pair was chosen. Its hexa- and trivalent ions are 
fairly stable in aqueous solution and can be ti­
trated without special precautions; also, one would 
expect only these two valences under the oxygen 
pressures applied.10 As to the second component 
to be added to boric oxide, all oxides occurring in 
several valences were ruled out by the analytical 
method used for the indicator. Evaporation from 
the melt and narrow homogeneous liquidus ranges11 

were other limitations. To have cations of differ­
ent charge, size and polarizability, the oxides of 
Li, K, Ba and Zn were chosen, and PbO which per­
mits investigation over the whole concentration 
range. 

Experimental 
The general procedure was as follows: A mixture of boric 

oxide and the corresponding metal oxide containing about 
0 . 1 % Cr was held at 1200° in an oxygen-nitrogen atmos­
phere of known composition until equilibrium was reached. 
The sample was then quenched and analyzed for the metal 
oxide and for hexa- and trivalent chromium. By choosing 
the proper gas atmosphere, the CsZc3 ratio was kept between 
0.1 and 10 which is convenient for the analysis. 

The reagents were boric acid, the nitrates of lithium, 
potassium and barium, and zinc and lead(II) oxide, all of 
analytical grade. Chromium was added as K2Cr2O?. 
These components were premelted under either hydrogen 
or oxygen, checked for the absence of nitrate and then 
placed into a small 1-ml. platinum crucible. Two of these 
were hung together into a vertical ceramic tube of I 1 A ' i-d. 

(9) P. L. Hammett and A. T. Deyrup, T H I S JOURNAL, 54, 2721 
(1932). 

(10) However, for CrF* and CrCh cf. H. v. Wartenberg, Z. anorg. 
Chem., 247, 135 (1941); 249, 100 (1942); 250, 122 (1942). 

(11) (a) F. P. Hall and H. Insley, "Phase Diagrams for Ceramists," 
J. Am. Ceram. Soc, November, 1947, and December, 1949; (b) M. A. 
Foex, Ann. chim., 11, 359 (1939). 


